This paper proposes a two factor model for asset pricing. We formulate a model of asset returns that in addition to the traditional market return term includes also the square of the market return to account for risk originating from coskewness with the market portofolio. The quadratic term is able to account for heterogeneities across portfolios. We conclude that the extra term is signi…cant and that the homogeneity hypothesis is accepted only in the presence of this term.
Introduction
Asset pricing models generally express expected returns on …nancial assets as linear functions of covariances of returns with some systematic risk factors. Sharpe (1964) , Lintner (1965) , Black (1972) , Merton (1973) , Kraus and Litzenberger (1976) , Ross (1976) , Breeden (1979) , Barone-Adesi (1985) , Jagannathan and Wang (1996) , Siddique (1999,2000) have proposed several formulations of this general paradigm. See Campbell (2000) for a recent survey on the …eld of asset pricing. Most of the empirical tests to date have produced negative or ambiguous results. These …ndings have spurred renewed interest in the statistical properties of testing methodologies currently available. Among recent studies, Shanken (1992) , Kan and Zhang (1999a,b) provide thorough analyses of the statistical methodologies commonly employed and highlight the sources of ambiguity that plague their …ndings.
It appears that only the preliminary knowledge of the return generating process may lead to the design of reliable tests. Because this condition is never met in practice, researchers are forced to make unpalatable choices between powerful tests that are misleading in the presence of possible model speci…cations or more tolerant tests, such as the ones based on the stochastic discount factor methodology, that lack of power. The …rst choice may lead not only to the rejection of correct models, but also to the acceptance of irrelevant factors as sources of systematic risk, as noted by Kan and Zhang (1999a,b) . On the other hand the choice of the stochastic discount factor methodology fails to discriminate among competing models and leads to very large con…dence intervals for estimated risk premia (Cochrane (1996) and Kan and Zhang (1999a,b) ).
To complicate the picture a number of empirical regularities have been detected. Among them, Banz (1981) relates expected returns to …rm size, Fama and French (1995) link expected returns to the ratio of book to market value. Some of these anomalies fade over time, other ones seem to be more persistent, rising the possibility that they are due to omitted systematic risk factors.
Pricing anomalies may be related to the possibility that useless factors appear to be priced. Of course it is also possible that pricing anomalies proxy for omitted factors. While statistical tests do not allow us to choose among these two possible explanations of pricing anomalies, Kan and Zhang (1999a,b) suggest that perhaps large increase in R 2 and persistence of sign and size of coe¢cients over time are most likely to be associated with truly priced factors.
To investigate the e¤ects of possible misspeci…cations of the return generating process on tests of asset pricing we study the portfolios used by Jagannathan and Wang (1996) . They are one hundred portfolios sorted by beta and size to maximize the spread of observed betas. To test the extent of misspeci…cation of the return generating process we nest the usual market model into the extended version used by Barone-Adesi (1985) .
The rest of the paper is organized as follows. Section 2 introduces the Quadratic Market Model (QMM). Section 3 brie ‡y reviews estimation and inference methodologies traditionally used for asset pricing models of this kind. Section 4 reports empirical results, and section 5 concludes.
The Quadratic Market Model.
The evolution of …nancial asset returns shows signi…cant comovements. Factor models try to explain these comovements by a rather small number of underlying variables, called factors, which have a common e¤ect on the returns dynamics.
The quadratic market model is an extension of the traditional market model, where market returns and the square of the market returns are the two factors.
The model speci…cation is:
where R t is a N £ 1 vector of asset returns in period t, R M;t is the return of the market in period t, a is a N £ 1 vector of intercepts and B and ¡ are N £ 1 vectors of sensitivities. The motivation for including the square of the market returns is to account for risk originating from coskewness with the market portfolio. Speci…cally, the traditional market model postulates that asset returns move proportionally to the market. However, empirically we observe violations to this simple speci…-cation. In fact, some classes of assets show a tendency, relatively to a linear dependence with a given market portfolio proxy, to have higher (lower) returns when the market experiences high absolute returns. Such an asset features positive (negative) coskewness and therefore diminishes (increases) the risk of the portfolio with respect to extreme events. See Kraus and Litzenberger (1976) , Barone-Adesi (1985) , Siddique (1999,2000) .
In this sense, the quadratic market model captures possible non-linearities in the dependence between asset returns and market returns, as well as asymmetries in responses to upward and downward market movements.
As we will see more deeply in the empirical section, the misspeci…cation arising from neglecting these non-linearities and asymmetries can produce a signi…cant heterogeneity across portfolios. When the heterogeneity is correlated to variables representing portfolios characteristics such as size, these variables will appear to have explanatory power for the cross-section of expected returns. Taking into account the quadratic term, we are able to control for these heterogeneities.
This point addresses the problem linked to the fact that if there are similarities in the processes generating the data across and within the portfolio groups, combining the data improves the e¢ciency of the estimation of the parameters. Usual arbitrage pricing considerations 1 , see Ross (1976) , Chamberlain and Rothschild (1983) , imply that expected returns of assets following the factor model (1) satisfy the restriction:
where¸0 is the expected return on a portfolio for which the components¯and°o f the vectors B and ¡ are¯=°= 0, while¸1 and¸2 are expected excess returns on portfolios perfectly correlated with R M;t and R 2 M;t . Since the risk-free asset and the …rst factor, i.e. the market, satisfy (2), it must be that¸0 = R F , the risk-free rate, and¸1 = E(R M;t ) ¡ R F . It is important to notice that a similar restriction doesn't hold for the second factor since it is not a traded asset, but it is possible to show (see Barone-Adesi (1985)) that¸2 < E(R 2 M;t ). Equation (2) implies the restriction
where S N is a N £ 1 vector of ones, and imposing it on the factor model (1) we get
Written for each portfolio separately we have:
which is a nonlinear panel data model. It is worth noticing that the factors representing time varying regressors are common to all assets, whereas the equilibrium condition induce a restriction for the cross-section of expected returns through the term°i# 2 . This particularity explains why linear factor models of this kind are traditionally estimated by combinations of time series and crosssection regressions, as will be explained in the next section.
Estimation and Inference
In this section we present a general formulation of the QMM and then we discuss the estimation and inference procedures used for models of this kind . The QMM presented in the section above is an example of a two-factor model, where one factor, denoted by f 1;t , is a return (the market), and the other, denoted by f 2;t , is not (it is the market squared return). 1 Or an equilibrium model Thus, the unrestricted model (1) can be rewritten in more general form:
E(" t j" t¡1 ; f 1;t ; f 2;t ) = 0 E(" t " 0 t j" t¡1 ; f 1;t ; f 2;t ) = § whereas the restricted model can be written as
which corresponds to the null hypothesis in mixed form 2 :
Additionally we may consider a more general restricted model
resulting from
where ± a scalar parameter. The unrestricted factor model is represented by (3) and we refer to it as H F . The pure equilibrium model is consistent with H an additional constant is present in the cross-section of expected returns. We interpret the additional constant under H (2) 0 as representing omitted factors having an e¤ect on expected returns which is homogeneous across portfolios.
Notice that H
0 ½ H
0 ½ H F .
Maximum Likelihood
For the unrestricted model (3), it is well-known from the literature on seemingly unrelated regression (SUR) models that maximum likelihood (ML) estimation is equivalent to ordinary least squares (OLS) portfolio by portfolio (Zellner (1962) ). We now brie ‡y present the ML estimation of the restricted model (5) 3
. We use the notation F t = (f 1;t ; f 2;t ) 0 . Under the assumption of exogeneity
and joint normality of the " t , the restricted conditional loglikelihood function is:
where
The maximum likelihood estimator is given by:
:
Therefore the sensitivities B and ¡ are estimated by separate (asset-byasset) time-series regressions of excess returns on factors, whereas # 2 and ± are estimated by generalized least-squares (GLS) cross-section regressions of excess returns on B, ¡ and S N .
These regressions are unfeasible since they would have to be run simultaneously. An iterative algorithm uses initial estimates for b # 2 and b ± to estimate B and ¡ from (6) . The obtained values b B and b ¡ are then used to update # 2 and ± with (7).
The information matrix is block-diagonal in (B; ¡; # 2 ; ±), §. This implies that the ML estimators ( b B; b ¡; b # 2 ; b ±), and b § are asymptotically independent. We report here the asymptotic variances of b ¡, b # 2 , and b ± that we will use later in the empirical part:
. We now consider the estimation of the risk premium¸2 = # 2 + E(f 2;t ) associated with the second factor. The ML estimator for¸2 is obtained by cross-sections GLS regression of excess returns on B, ¡ and S N :
Its asymptotic variance is given by:
The hypothesis H (j) 0 , j = 1; 2, can be tested against the general alternative H F by a likelihood ratio test. The test statistics is given by:
where q is the number of constraints imposed by H 
Asymptotic Least Squares
The hypotheses H 
A test statistic which is asymptotically equivalent to the likelihood ratio test (9) is:
where b b, b µ and b J are consistent estimators of the parameters b, µ and of the information matrix. The solution e b to this problem, the asymptotic least square estimator, can be shown to be equivalent to the constrained MLE under the null hypothesis H (2) 0 . In this setting the problem reduces to:
The solution e # 2 ; e ± to this minimization problem is found by using consistent estimates for a, B, ¡, § obtained by the estimation under H F , whereas no estimate of¸is needed, since it appears in a multiplicative factor which is irrelevant. For constructing the test statistic » M T , we use e # 2 to estimate¸. Therefore # 2 and ± are estimated by a GLS cross-section regression of
P f 2;t on b ¡ and S N , which correspond to one step of the iterative ML procedure.
The result and those derived for the ML estimation justify the common practice in …nance to use a two step procedure, where in the second step the factor risk premia are estimated by cross-section regressions of excess returns on estimated sensitivities obtained in the …rst step. Shanken (1992) shows that the procedure of correcting the usual GLS variance
f¸´-to take in account errors in the variable originating from 5 We discuss here the case of H 
Empirical Results
In this section we report the results from various empirical exercises, concerning the estimation of the QMM using the data set in Jagannathan and Wang (1996), consisting of 330 monthly returns of 100 size-and beta-ranked portfolios for the period 1963-1990 7 . We aggregate the 10 portfolios in each size decile in order to obtain 10 size-portfolios 8 , ranked in order of increasing size. The following Tables report the main results. Table 1 contains the estimated°i from the unrestricted model H F in (3) (t-statistic in parenthesis). In Table  2 we have estimates for the coe¢cients°i, # 2 ,¸2 and ± for the restricted model H (2) 0 in (5).
[Insert Table 1 about here]
[Insert Table 2 about here] >From the b°i estimated in the unrestricted model, the quadratic market model itself seems to be a valuable extension of the basic market model, since the sensitivities to quadratic market returns appear signi…cantly negative for small …rms and signi…cantly positive for large …rms. We also notice that these estimates are similar to those obtained in the restricted model.
The …ndings of a positive dependence of coskewness sensitivities to size in the period 1963-1990 are consistent with the results in Siddique (1999,2000) .
The risk premium for coskewness¸2 is negative. In fact, portfolios which tend to have higher positive returns when the market has high absolute returns (positive coskewness) help the investor to reduce the risk for extreme events, and therefore command lower expected returns.
Being the gammas of order 10 ¡2 ¡ 10
¡3
, the part of expected excess returns due to coskewness is of order of a fraction of one percentage point. >From a statistical point of view, our estimates suggest that the pure equilibrium model based on a quadratic market model is rejected by data, being the constant term signi…cantly di¤erent from zero. There is evidence that other components in ‡uencing expected returns have been possibly omitted in the equilibrium model. The order of magnitude of the discrepancy we …nd in monthly returns is approximately 40 basis points, on average across assets, which is relevant from an economic point of view.
These results are con…rmed by testing H which is Â 2 (9) distributed and it is largely signi…cant at the 0:05 level. In addition to assess the order of magnitude of the discrepancy that data show with the equilibrium model, it is interesting to investigate the degree of heterogeneity across assets of this discrepancy. At one extreme, the omitted components are the same for all portfolios, in terms of their contribution to expected returns. This situation is represented by H (2) 0 , and we refer to it as the homogeneity hypothesis. At the opposite extreme, each portfolio shows a speci…c e¤ect, and no restriction across portfolios' expected returns holds. This corresponds to H F . In between, we can have situations where the omitted components are correlated to assets characteristics such as size, which cause these variables to appear signi…cative in the cross-section of expected returns.
Therefore the interest in the hypothesis of homogeneity is that it implies that additional ad hoc variables such as size have no further explanatory power once the term related to coskewness sensitivity is introduced.
A test of homogeneity can be conducted testing the null of H
0 against the general alternative of H F .
We can perform a likelihood ratio test:
where b § 0 is estimated under H We obtain:
The value computed above doesn't reject the hypothesis of homogeneity. Similar results are obtained using asymptotic least-squares, with a test statistic for H Therefore, there is evidence for homogeneity in the quadratic market model. We are interested to assess the importance of the quadratic term for controlling heterogeneity in the intercepts of the portfolios.
To this aim, we investigate the improvement over the traditional market model obtained using the extended quadratic version. The traditional market model is characterized by the factor model (3) with ¡ = 0. The CAPM implies the restriction a = (1 ¡ B)R F .
We compute the asymptotic least-squares statistic » M T for testing e H
0 :
The result is:
which is larger than the critical value at 0:05, Â 
Conclusions
In this paper we consider a two factor model to study the presence of significant comovements in the dynamics of asset returns. In addition to the traditional market returns term the model includes the square of the market returns to account for risk originating from coskewness with the market portfolio as recent literature (see for instance Harvey and Siddique (2000) ) also stresses. In addition, we showed that the quadratic term is able to account for heterogeneities across portfolios otherwise improperly controlled via a simple constant. We show that the extra term is signi…cant and that the homogeneity hypothesis is accepted only in the presence of this term.
Although there is evidence that QMM is not a complete description of asset pricing, acceptance of homogeneity is supportive of the signi…cance of its contribution in explaining security returns. 
